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ABSTRACT
Electromagnetic fields of a massless charged particle are described by a gauge potential
that is almost everywhere a pure gauge. Solution of quantum mechanical wave equations in
the presence of such fields is therefore immediate and leads to a new derivation of the quantum
electrodynamical eikonal approximation. The electromagnetic action in the eikonal limit is
localized on a contour in a two-dimensional Minkowski subspace of four-dimensional space-
time. The exact S-matrix of this reduced theory coincides with the eikonal approximation.
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Some years ago, ’t Hooft derived the eikonal approximation for the two-particle scatter-
ing amplitude arising from their gravitational interaction.1 However, he did not sum eikonal
graphs (graviton exchange graphs with particle propagators approximated by neglecting vir-
tual graviton momenta compared to particle momenta). Rather he solved quantum mechan-
ical equations for one particle moving in the gravitational field of the other, which is taken
massless; i.e. external gravity is described by the Aichelburg–Sexl metric.2 Recently, this
problem has been re-examined by H. and E. Verlinde,3 and their work sparked our interest
in the subject.
We present here a similar approach to the electrodynamical eikonal. We first determine
the electromagnetic fields of a massless charged particle. This is a classical physics textbook
problem; because we could not locate its solution in the literature we present the formulas,
which are interesting and elegant. In particular, we find that the gauge potentials are pure
gauges, but different in different regions of space-time. The solution of a quantum mechanical
wave equation is therefore obtained by exponentiating the gauge function, and the scattering
amplitude is the quantum electrodynamical eikonal.
To find the electromagnetic fields of a charged (e) massless point particle, we begin
with those arising from a massive particle moving with constant velocity v along the +z-
axis, and then set v to the velocity of light, which we scale to unity. Our metric tensor is
diag(1,−1,−1,−1), and four-vectors xµ are indexed by Greek letters from the middle of the
alphabet. In the two-dimensional (t, z) Minkowski subspace, we index by initial Greek letters:
α, β, . . .; also we use light cone components ± ≡ 1√
2
(0± 3). Transverse Euclidean vectors ri⊥
carry a Latin index.
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Either by integrating the Lie´nard–Wiechert potentials or by Lorentz-boosting the static
Coulomb potential, one finds that the conserved source current
jµv = en
µ
v δ
2(r⊥)δ(z − vt), nµv = (1, 0, 0, v) (1)
gives rise to the 4-vector potential
Aµv =
e
4π
nµv
Rv
, R2v = (z − vt)2 + (1− v2)r2⊥ (2)
Since the v = 1 limit of (2) is somewhat delicate, see below, we record first the field strengths.
Ezv =
e(z − vt)
4π
1− v2
R3v
,
Bzv = 0 ,
Eiv =
eri
4π
1− v2
R3v
Biv = −
eǫijrj⊥v
4π
1− v2
R3v
(3)
It is straightforward to establish (for example by Fourier transforming with respect to z) that
lim
v→1
1− v2
R3v
=
2
r2⊥
δ(t− z) (4)
Thus the fields of a massless charged particle, moving in the +z-direction, are
Ez = 0 ,
Bz = 0 ,
Ei =
eri⊥
2πr2⊥
δ(t− z)
Bi = −eǫ
ijrj⊥
2πr2⊥
δ(t− z)
(5)
and one may verify that they satisfy the Maxwell equations with the source current
jµ = enµ δ2(r⊥)δ(t− z) , nµ = (1, 0, 0, 1) (6)
The potentials that give rise to (5) can be chosen as
A0I = A
z
I = 0 , A
⊥
I = −
e
2π
θ(t− z)∇ lnµr⊥ (7)
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where µ is an irrelevant parameter, setting the scale of the logarithm.
For completeness, we derive the limiting forms (7) from Aµv in (2). First note that
4
lim
v→1
1
Rv
= − lnµ2r2⊥ δ(t− z) +
1
|t− z| (8a)
a formula that is consistent with (4) and the relation ∂
∂r2
⊥
R−1v = −12 (1− v2)R−3v . Here µ is a
necessary regulator. The validity of (8a) is seen after a Fourier transformation with respect
to z; then it states
lim
v→1
K0
(
ωr⊥
√
1− v2
)
= − lnµr⊥ + lim
ǫ→0
∫ ∞
ǫ
dz
z
cos zω (8b)
Both the modified Bessel function K0 and the integral give rise to singularities in the limit.
Upon identifying µ with
√
1− v2 /2ǫ, (8a) follows. We conclude therefore that
lim
v→1
Aµv = −
enµ
4π
(
lnµ2r2⊥ δ(t− z)−
1
|t− z|
)
(8c)
The last term does not contribute to the fields; it is a pure gauge, albeit its gauge function is
singular at t = z. Thus the gauge potentials can be taken as
A0II = A
z
II = −
e
2π
lnµr⊥δ(t− z) , A⊥II = 0 (9)
They differ from (7), but of course they are related by a gauge transformation.
AµI = A
µ
II + ∂
µΩ , Ω =
e
2π
lnµr⊥ θ(t− z) (10)
Both gauges will be useful in the following. Expression (7) shows that AµI vanishes
at t < z and is a pure gauge for t > z, hence it is a singular pure gauge. AµII has the
advantage that the gauge potentials vanish in the transverse directions, being confined to the
two-dimensional (t, z) Minkowski space.
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Quantum mechanical wave equations are conveniently analyzed in gauge I, Eq. (7). When
the electromagnetic interaction of a particle with charge e′ enters through the covariant deriva-
tive ∂µ + ie
′Aµ, its wave function does not interact with Aµ at early times t < z,
ψ< = ψ0 (11a)
while at late times t > z,
ψ> = exp−
(
i
ee′
4π
lnµ2r2⊥
)
ψ0
′ (11b)
Here ψ0 and ψ0
′ are free wave functions, related by a continuity requirement at x− = 0.
ψ>
∣∣
x−=0
= ψ<
∣∣
x−=0
(11c)
Upon taking the initial wave function to be a plane wave,
ψ0 = e
−ip·x (12)
the derivation of the scattering amplitude follows ’t Hooft’s to his expression with −Gs re-
placed by ee′/4π ≡ α, as was already noted by him.1 One finds for distinguishable, spinless
particles
f(s, t) =
Γ(1 + iα)
4πiµ2Γ(−iα)
(
4µ2
−t
)1+iα
=
α
πt
Γ(1 + iα)
Γ(1− iα) exp
(
iα ln
4µ2
−t
)
(13)
where s and t are the Mandelstam variables. (’t Hooft scales µ2 to unity and apparently
omits the prefactor 1/i.)
That this (and ’t Hooft’s gravity result) is exactly the eikonal formula, is seen by recalling
the standard expression of the latter.5
feikonal(s, t) = i
∫
d2b
(2π)2
eiq⊥·b
[
1− exp
(
−iee′
∫
d2k⊥
(2π)2
eik·b
k2⊥ + µ
2
)]
t = −q2⊥
(14)
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Here 1
k2
⊥
+µ2
is the photon propagator at k+k− = 0, but with an infrared regulating “mass”
µ. The k⊥ integral leaves 12πK0(µb), which for small µ is replaced by − 12π ln e
γ
2
µb. Absorbing
eγ/2 in µ, and performing the b integral reproduces (13).
feikonal(s, t) =
Γ(1 + iα)
4πiµ2Γ(−iα)
(
4µ2
−t
)1+iα
(15)
Next we show that high energy eikonal electrodynamics can be given an action formula-
tion where the action is localized on a contour in the (t, z) plane. This is the analog in the
present context of what has been done for Einstein gravity3. For particles moving rapidly
along the z-axis, the light cone components of the source current are functions of only one
light cone coordinate, as seen in (6).
j+(x) = j+(x
+, r⊥)
j−(x) = j−(x−, r⊥)
ji(x) = 0
(16)
For such a source current, Ez and Bz vanish. We may therefore take A⊥ = 0 and A± = ∂±Ω,
as in gauge II, Eq. (9). Also we work in Landau gauge ∂µA
µ = 0. This implies that Ω is
harmonic,
∂+∂−Ω = 0 (17)
and may therefore be written as a superposition of left- and right-moving waves.
Ω(x) = Ω+(x+, r⊥) + Ω−(x−, r⊥) (18)
The form of the source current (16) allows introducing functions k−(x−, r⊥) and k+(x+, r⊥)
defined by j−(x−, r⊥) = ∂−k−(x−, r⊥) and j+(x+, r⊥) = ∂+k+(x+, r⊥). That is,
jα = ǫαβ∂βk (19)
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where
k(x) = k+(x+, r⊥)− k−(x−, r⊥) (20)
Note that writing j in the form (19) insures current conservation, ∂αj
α = 0.
The electromagnetic Lagrange density in the presence of an external current is given in
the eikonal limit by
L = −1
4
FµνF
µν − jµAµ = 1
2
∂i∂αΩ∂i∂
αΩ− jα∂αΩ (21)
As a consequence of Landau gauge (17) and current conservation, this is a total xα derivative.
Introducing the decomposition into left- and right-moving waves, L may be written
L = −1
2
∂−Ω−∇2∂+Ω+ − 1
2
∂+Ω
+∇2∂−Ω− − ∂+k+∂−Ω− − ∂−k−∂+Ω+
= −∂−
[1
2
Ω−∇2∂+Ω+ + ∂+k+Ω−
]− ∂+[1
2
Ω+∇2∂−Ω− + ∂−k−Ω+
] (22)
Upon integrating over the entire transverse r⊥ space and a closed surface in the two dimen-
sional (t, z) Minkowski space, the action is given by the boundary contribution.
I(Ω, k) =
∫
d4xL =
∮
dτ
∫
d2r⊥
(1
2
Ω−∇2Ω˙+ − 1
2
Ω+∇2Ω˙− + k˙+Ω− − k˙−Ω+) (23)
Here all quantities are evaluated along a closed contour xα(τ) bounding the surface in the
(t, z) plane. An overdot denotes τ -differenti ation. The equations of motion,
∇2Ω˙+ = −k˙+ ∇2Ω˙− = −k˙− (24)
may be immediately integrated.
Ω+(x+, r⊥) = − 1∇2 k
+(x+, r⊥)
Ω−(x−, r⊥) = − 1∇2 k
−(x−, r⊥)
(25)
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It is readily verified that this solution also follows from the full Maxwell equations ∂µF
µν = jν
with the eikonal form (16) for the source current.
Because the action (23) is first order in τ , its symplectic structure leads to the quantum
commutator6 [
Ω+
(
x+(τ), r⊥
)
,Ω−
(
x−(τ), r′⊥
)]
=
i
2π
ln|r⊥ − r′⊥| (26)
To rederive the scattering amplitude (13) in this formalism, one must calculate the S-
matrix for the scattering process by computing the expectation value of the operator
V = exp i
∮
dτ
∫
d2r⊥
(
k˙+Ω− − k˙−Ω+
)
The relevant functional integral, corresponding to an integration over the unobserved electro-
magnetic degrees of freedom, is given by
〈V 〉 =
∫ DΩexp iI(Ω, k)∫ DΩexp iI(Ω, 0) (27)
where I(Ω, 0) is the kinetic part of the action (23). Since the latter is quadratic, the functional
integral evaluates to its classical saddle-point value. Substituting (25) in (23) leaves
〈V 〉 = exp
[
i
4π
∮
dτ
∫
d2r⊥
∫
d2r′⊥
[
k+(τ, r⊥) ln |r⊥ − r′⊥| k˙−(τ, r′⊥)
− k−(τ, r⊥) ln |r⊥ − r′⊥| k˙+(τ, r′⊥)
]] (28)
For the two particle scattering problem, we take
k = eθ(x+ − x(1)+)δ(r⊥ − r(1)⊥ ) + e′θ(x− − x(2)−)δ(r⊥ − r(2)⊥ ) (29)
which corresponds to the current for a right and a left moving charged particle, with an
impact parameter r
(1)
⊥ − r(2)⊥ . Inserting the above expression for k into (28) and performing
the three integrations yields the scattering matrix.
S12 = exp
[
iα ln
∣∣∣r(1)⊥ − r(2)⊥ ∣∣∣2
]
(30)
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To see explicitly that this scattering matrix leads to the conditions (11), it is sufficient
to rewrite S12 in terms of the total momentum and angular momentum of the system. The
former is, of course,
Pµ ≡ pµ1 + pµ2 (31)
An expression for the latter is constructed from the four-vector3
Jµ ≡ − 1√
P 2
ǫµαβγp
α
1 p
β
2 (x1 − x2)γ (32a)
which in the center-of-mass frame (p1 = −p2) has no time component, and its space compo-
nent is the total angular momentum.
J = L ≡ r1 × p1 + r2 × p2 (32b)
Hence, L2 = −J2, and for p21 = p22 = 0, S12 may be written as
S12 =
(
− J
2
P 2/4
)iα
(33)
which is the gravitational result,3 with −Gs replaced by α. We see that for free partial waves
the action of the scattering matrix is equivalent to (11), and so conclude that S12 is exactly
equivalent to the scattering amplitude (13).
It is known that the eikonal approximation gives the correct high-energy (s→∞, t/s→
0) behavior of perturbative graphs when vector mesons are exchanged, but it fails with scalar
meson exchange because there the eikonal contributions do not dominate non-eikonal effects.7
With vector exchange, one-meson emission vertices carry an additional factor of
√
s and this
serves to enhance the eikonal contribution over the the non-eikonal. Thus one may expect that
also with graviton exchange, where the single graviton emission vertex is enhanced by s, the
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eikonal contributions should be dominant; in particular, the (non-renormalizable) infinities
are formally sub-dominant at large s. While these remarks support the reliability of ’t Hooft’s
formula, an explicit check would be welcome.8 Finally, we mention that the approximations in
the eikonal approach to quantum electrodynamics are closely related to those used in deriving
the low-energy behavior of photons. This is similarly true for gravitons; exact photon low-
energy theorems may be extended to the gravitational case,9 where they enjoy a universal
validity, similar to ’t Hooft’s scattering amplitude.
The eikonal approximation is also valid for non-Abelian vector meson exchange, where it
produces essentially Abelian results.10 In the context of the present investigation, this is seen
by taking the non-Abelian single-particle current to be
J µ(x) = Q(t)jµ(x) (34)
where J µ and Q are in the Lie algebra; jµ also depends on the particle path xµ(t) and is
conserved, as in (1) and (6). In order that J µ be covariantly conserved, Q must satisfy
d
dt
Q(t) + [x˙µ(t)Aµ (x(t)) , Q(t)] = 0 (35)
When the eikonal Ansatz is made
Ez = 0 , Bz = 0 , A± = g−1∂±g , A⊥ = 0 (36)
one finds that
Q(t) = g−1Q0g (37)
where g is a group element and Q0 is constant. It is then easily seen that extending the
previous eikonal argument to the non-Abelian case amounts to an embedding of the Abelian
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results in the Q0 “direction.” It remains an open question whether an essentially non-Abelian
eikonal approximation can be formulated.
Professor T. D. Lee encouraged us to develop these ideas and we thank him.
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